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a b s t r a c t
A group divisible design (GDD) with three groups and block size 4 is called even, odd, or
mixed if the sizes of the non-empty intersections of any of its blocks with any of the three
groups are always even, always odd, or alwaysmixed. It has been shown that the necessary
conditions for the existence of GDDs of these three types are also sufficient except possibly
for the minimal case of mixed designs for group size 5t (t > 1). In this paper, we complete
the undetermined families of mixed GDDs using two constructions based on idempotent
self-orthogonal Latin squares and skew Room squares.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A group divisible design GDD(n,m, k; λ1, λ2) is defined to be an ordered pair (V ,B), where V is a set of mn elements
called symbols, together with a partition of V intom sets of size n, each element of which is called a group, and a collection
B of k-element subsets of V called blocks, such that each pair of symbols occurring in the same group appears together in
precisely λ1 blocks, while each pair of symbols occurring in different groups appears together in exactly λ2 blocks. Symbols
occurring in the same or different groups are known as first or second associates respectively. A GDD(n,m, k; 0, λ) is usually
denoted as a (k, λ)-GDD of type nm in combinatorial design theory.
Group divisible designs are an important type of partially balanced designs with two associate classes, which have good
properties. These designs are proved to be useful in agricultural, genetic and industrial experiments [1] and shown to be
fairly robust in terms of efficiency [8]. When k = 3, the existence of a GDD(n,m, 3; λ1, λ2) was completely settled by Fu,
Rodger and Sarvate [3,4]. When k = 4, some results have been obtained by Hurd and Sarvate [6,7], and Henson, Sarvate and
Hurd [5]. The existence of GDDs whenm < k is, in general, a difficult case to solve. When the block size is 4 and the number
of groups is 3, there are three special types of GDDs known as even, odd and mixed, which are defined as follows:
An even GDD is a GDD(n, 3, 4; λ1, λ2) such that each block intersects every group in exactly zero or two points. An odd
GDD is a GDD(n, 3, 4; λ1, λ2) such that each block intersects every group in exactly zero, one, or three points. A mixed GDD
is a GDD(n, 3, 4; λ1, λ2) such that each block intersects exactly one group in two points and intersects each of the other two
groups in one point.
Odd and even GDDs with two groups and block size 4 were defined and studied by Hurd and Sarvate in 2004 [6]. Odd,
even and mixed GDDs with three groups and block size 4 were defined and studied by Henson, Sarvate and Hurd in 2007
[5].
In [5], Henson, Sarvate and Hurd proved that the necessary conditions for the existence of GDDs of the above three types
are also sufficient except possibly for the minimal case of mixed designs for group size 5t (t > 1). In the same paper,
it was also proved that mixed GDDs allow a maximum difference between indices. Hence, mixed GDDs hold promise for
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making a significant impact on solving the whole existence problem of GDD(n, 3, 4; λ1, λ2). In this paper, we complete the
undetermined families ofmixedGDDs using two constructions based on idempotent self-orthogonal Latin squares and skew
Room squares.
2. Preliminaries
Lemma 2.1 ([5]). For any mixed GDD(n, 3, 4; λ1, λ2), there are b = 3n2λ2/5 = 3n(n− 1)λ1/2 blocks.
Since the number of blocks of a mixed GDD should be an integer, the following necessary condition for the existence of
a mixed GDD(n, 3, 4; λ1, λ2) follows.
Lemma 2.2 ([5]). For any mixed GDD(n, 3, 4; λ1, λ2), we have 5(n− 1)λ1 = 2nλ2.
For a given n, we need only to consider the minimum value of indices, as other indices must be a multiple of the minimal
case. By analyzing the factors of n, we have the following minimal indices for mixed GDD(n, 3, 4; λ1, λ2)s:
1. When gcd(n, 5) = 1 and n is even, the minimal indices are (λ1, λ2) = (2n, 5(n− 1)).
2. When gcd(n, 5) = 1 and n is odd, the minimal indices are (λ1, λ2) = (n, 5(n− 1)/2).
3. When 5|n and n is even, the minimal indices are (λ1, λ2) = (2n/5, n− 1).
4. When 5|n and n is odd, the minimal indices are (λ1, λ2) = (n/5, (n− 1)/2).
The following results are known.
Lemma 2.3 ([5]). There exists a mixed GDD(n, 3, 4; λ1, λ2) with minimal indices when gcd(n, 5) = 1.
Lemma 2.4 ([5]). There exists a mixed GDD(5, 3, 4; 1, 2).
To state our new constructions, we need the following concepts.
A Latin square of order n is an n × n array in which every cell contains a single symbol from an n-set S, such that each
symbol occurs exactly once in each row and exactly once in each column. In general, we may let the symbol set S be the set
of integers {1, 2, . . . , n}. A Latin square L of order n is idempotent if L(i, i) = i for 1 ≤ i ≤ n. Two Latin squares L and L′ of
the same order are orthogonal if L(a, b) = L(c, d) and L′(a, b) = L′(c, d) imply a = c and b = d. A Latin square of order n is
called self-orthogonal if it is orthogonal to its transpose, and it is denoted by SOLS(n). Every SOLS can be made idempotent
by renaming the symbols.
Lemma 2.5 ([2]). An idempotent SOLS(n) exists for any positive integer n 6∈ {2, 3, 6}.
ARoom square of side n, denoted by RS(n), is an n×n array, F , inwhich every cell either is empty or contains an unordered
pair of symbols from an (n + 1)-set S, such that each symbol of S occurs once in each row and each column of F and every
unordered pair of symbols occurs in precisely one cell of F . A Room square of side n is standardized (with respect to the
symbol∞) if its cell (i, i) contains the pair {∞, i}. A standardized Room square of side n is skew if for every pair of cells (i, j)
and (j, i) (with i 6= j) exactly one is filled.
Lemma 2.6 ([9]). A skew Room square of side n exists if and only if n is odd and n 6∈ {3, 5}.
3. Main constructions
In this section, we employ idempotent SOLS and skew Room squares to present two constructions for mixed GDD(n, 3,
4; λ1, λ2) with minimal indices when 5|n.
Construction 3.1. If 5|n, then there exists a mixed GDD(n, 3, 4; λ1, λ2) with λ1 = 2n/5 and λ2 = n− 1.
Proof. For each given integernwhich is amultiple of 5,wehave an idempotent SOLS(n), L, by Lemma2.5. LetV = Zn×Z3. For
each ordered pair (i, j) with i, j ∈ Zn, i 6= j and each a ∈ Z3, take one copy of the block {(i, a), (j, a), (i◦ j, a+1), (i◦ j, a+2)}
and (n− 5)/5 copies of the block {(i, a), (j, a), (i ◦ j, a+ 1), (j ◦ i, a+ 2)}where i ◦ j denotes the symbol in the cell (i, j) of
L. All these blocks form the block setB. Now we prove that this design (V ,B) is a GDD(n, 3, 4; 2n/5, n− 1) with group set
{Zn × {i}|i ∈ Z3}.
It is not difficult to see that the number of blocks contained inB is 3×n(n−1) (1+ n−55 ) = 3n2(n−1)/5 = 3n(n−1)λ1/2.
Then, it suffices to check that each pair of points is contained in at least the correct number (λ1 or λ2) of blocks inB.
Take any pair of points which are in the same group, say {(i, a), (j, a)}. It is easy to see that they are contained in the block
{(i, a), (j, a), (i ◦ j, a+1), (i ◦ j, a+2)} and each of the (n−5)/5 copies of the block {(i, a), (j, a), (i ◦ j, a+1), (j ◦ i, a+2)}.
This pair of points is also contained in the block {(j, a), (i, a), (j ◦ i, a+ 1), (j ◦ i, a+ 2)} and each of the (n− 5)/5 copies of
the block {(j, a), (i, a), (j ◦ i, a+ 1), (i ◦ j, a+ 2)}. So it occurs in exactly 2× (1+ (n− 5)/5) = 2n/5 blocks ofB.
For any pair of points {(x, a), (y, a + 1)} with x 6= y, there exists exactly one i1 such that y = x ◦ i1 by the definition of
a Latin square. This pair of points is contained in the block {(x, a), (i1, a), (y, a + 1), (y, a + 2)} and each of the (n − 5)/5
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copies of the block {(x, a), (i1, a), (y, a + 1), (i1 ◦ x, a + 2)}. As there also exists exactly one i2 such that y = i2 ◦ x, this
pair of points is also contained in the block {(i2, a), (x, a), (y, a + 1), (y, a + 2)} and each of the (n − 5)/5 copies of the
block {(i2, a), (x, a), (y, a + 1), (x ◦ i2, a + 2)}. In a similar way, there is a unique i3 such that x = y ◦ i3, so this pair
of points is also contained in the block {(y, a + 1), (i3, a + 1), (x, a + 2), (x, a)} and each of the (n − 5)/5 copies of the
block {(i3, a + 1), (y, a + 1), (i3 ◦ y, a + 2), (x, a)}. There also exists a unique i4 such that x = i4 ◦ y, so this pair of
points is also contained in the block {(i4, a + 1), (y, a + 1), (x, a + 2), (x, a)} and each of the (n − 5)/5 copies of the
block {(y, a + 1), (i4, a + 1), (y ◦ i4, a + 2), (x, a)}. By the self-orthogonal property of L, there exists exactly one cell (i, j)
such that i ◦ j = x and j ◦ i = y, so this pair of points is also contained in each of the (n − 5)/5 copies of the block
{(i, a+ 2), (j, a+ 2), (x, a), (y, a+ 1)}. Altogether, there are 1+ n−55 + 1+ n−55 + 1+ n−55 + 1+ n−55 + n−55 = n− 1 blocks
containing this pair of points. These are all the blocks containing this pair of points.
For any pair of points {(x, a), (y, a+ 2)}with x 6= y, we can set b = a+ 2 and get a pair of points {(x, b+ 1), (y, b)}. By
the above proof, there are n− 1 blocks containing this pair of points.
Take any pair of points {(x, a), (x, a + 1)}. It is easy to see that they are contained in the block {(i, a + 2), (j, a + 2),
(x, a), (x, a+ 1)} for any i 6= x. Once i is determined, there exists a unique j such that i ◦ j = x. There are n− 1 choices of i
such that i 6= x, so there are n− 1 blocks containing this pair of points.
Hence, any two points from the same group are contained in 2n/5 blocks, and any two points from different groups
are contained in n − 1 blocks. This shows that the design that we constructed above is indeed a mixed GDD(n, 3, 4; 2n/5,
n− 1). 
Construction 3.2. There exists a mixed GDD(n, 3, 4; λ1, λ2) with λ1 = n/5 and λ2 = (n− 1)/2, when 5|n, n odd, and n ≥ 10.
Proof. For each given integer n with 5|n, n odd, and n ≥ 10, let R be a skew RS(n) which exists by Lemma 2.6. Let
V = Zn × Z3. For each ordered pair (i, j) with i, j ∈ Zn, i < j and each a ∈ Z3, take one copy of the block
{(i, a), (j, a), (c, a + 1), (c, a + 2)}, (n − 5)/10 copies of the block {(i, a), (j, a), (c, a + 1), (r, a + 2)} and (n − 5)/10
copies of the block {(i, a), (j, a), (r, a + 1), (c, a + 2)} where unordered pair {i, j} is contained in the cell (r, c) of R. All
these blocks form the block set B. Now we prove that this design (V ,B) is a GDD(n, 3, 4; n/5, (n − 1)/2) with group set
{Zn × {i}|i ∈ Z3}.
It is not difficult to see that the number of blocks contained in B is 3 × n(n−1)2
(
1+ 2× n−510
) = 3n2(n − 1)/10 =
3n(n − 1)λ1/2. Then, it suffices to check that each pair of points is contained in at least the correct number (λ1 or λ2) of
blocks inB.
For any pair of points from the same group, say {(x, a), (y, a)}, there is a unique cell (r, c) in R containing the pair {x, y}
by the definition of a Room square. This pair of points is contained in the block {(x, a), (y, a), (c, a + 1), (c, a + 2)}
and each of the (n − 5)/10 copies of the block {(x, a), (y, a), (c, a + 1), (r, a + 2)} and (n − 5)/10 copies of the block
{(x, a), (y, a), (r, a+ 1), (c, a+ 2)}. So this pair of points occurs in exactly 1+ n−510 + n−510 = n/5 blocks.
For any pair of points {(x, a), (y, a+1)}with x 6= y, there is a unique cell (r, y) with r 6= y in column y containing symbol x
by the definition of a skewRoom square, andwe denote the other symbol in this cell by i1, so this pair of points is contained in
the block {(x, a), (i1, a), (y, a+1), (y, a+2)}, and each of the (n−5)/10 copies of the block {(x, a), (i1, a), (y, a+1), (r, a+
2)}. There is a unique cell (y, c) with c 6= y in row y containing symbol x and we denote the other symbol in this cell by i2,
so this pair of points is contained in each of the (n− 5)/10 copies of the block {(x, a), (i2, a), (y, a+ 1), (c, a+ 2)}. There is
a unique cell (r, x) with r 6= x in column x containing symbol y and we denote the other symbol in this cell by i3, so this pair
of points is contained in the block {(y, a + 1), (i3, a + 1), (x, a + 2), (x, a)} and each of the (n − 5)/10 copies of the block
{(y, a+1), (i3, a+1), (r, a+2), (x, a)}. There is a unique cell (x, c) with c 6= x in row x containing symbol y and we denote
the other symbol in this cell i4, so this pair of points is contained in (n−5)/10 copies of the block {(y, a+1), (i4, a+1), (c, a+
2), (x, a)}. By the definition of a skew Room square, exactly one of the two cells (x, y) and (y, x) is filled, and we denote the
symbols in this filled cell by i and j. So this pair of points is also contained in (n−5)/10 copies of the block {(i, a+2), (j, a+
2), (x, a), (y, a+1)}. Altogether, there are 1+ n−510 + n−510 +1+ n−510 + n−510 + n−510 = (n−1)/2blocks containing this pair of points.
For any pair of points of type {(x, a), (y, a + 2)} with x 6= y, we can set b = a + 2 and get a pair of points of type
{(x, b+ 1), (y, b)}. By the above proof, there are (n− 1)/2 blocks containing this pair of points.
For any pair of points {(x, a), (x, a+1)}, it is easy to see that this pair of points is contained in the block {(i, a+2), (j, a+
2), (x, a), (x, a + 1)}. Since there are exactly (n − 1)/2 filled cell in column x, this pair of points is contained in (n − 1)/2
such blocks.
Hence, any twopoints from the samegroup are contained in n/5 blocks, and any twopoints fromdifferent groups are con-
tained in (n−1)/2 blocks. This shows that the design thatwe constructed above is indeed a GDD(n, 3, 4; n/5, (n−1)/2). 
Lemma 3.3. The necessary conditions for the existence of a mixed GDD(n, 3, 4; λ1, λ2) are also sufficient when 5|n.
Proof. There exists a minimal mixed GDD(n, 3, 4; λ1, λ2) with n = 5t for all even t by Construction 3.1. There exists a
minimal mixed GDD(n, 3, 4; λ1, λ2) with n = 5t for all odd t by Lemma 2.4 or Construction 3.2. So there exists a minimal
mixed GDD(n, 3, 4; λ1, λ2) with n = 5t for any positive integer t . Since any mixed GDD has indices which are a multiple of
those for one of the minimal cases, the conclusion then follows. 
Theorem 3.4. The necessary conditions for the existence of a mixed GDD(n, 3, 4; λ1, λ2) are also sufficient.
Proof. Combining Lemmas 2.3 and 3.3, the conclusion then follows. 
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4. Conclusion
Lemma 4.1 ([5, Theorem21]). The necessary conditions for the existence of an even or odd GDD(n, 3, 4; λ1, λ2) are also sufficient.
Theorem 4.2. The necessary conditions for the existence of an even, odd, or mixed GDD(n, 3, 4; λ1, λ2) are also sufficient.
Proof. The conclusion follows from the combination of Lemma 4.1 and Theorem 3.4. 
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